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Abstract. The present study describes entrainment charac-
teristics of bed material into debris flow, based on flume tests,
numerical and dimensional analyses. Flume tests are con-
ducted to investigate influences of bed sediment size on ero-
sion rate by supplying debris flows having unsaturated sedi-
ment concentration over erodible beds. Experimental results
show that the erosion rate decreases monotonically with in-
crease of sediment size, although erosion rate changes with
sediment concentration of debris flow body.
In order to evaluate critical condition of bed sediment en-
trainment, a length scale which measures an effective bed
shear stress is introduced. The effective bed shear stress is
defined as total shear stress minus yield stress on the bed sur-
face. The results show that critical entrainment conditions
can be evaluated well in terms of Shields curve using the ef-
fective bed shear stress instead of a usual bed shear stress.
1 Introduction
Debris flow size will increase when entrainment of bed sedi-
ment takes place, and otherwise will decrease. Such change
of debris flow characteristics can be predicted numerically by
using governing equations, a flow resistance equation and an
erosion rate formula. Such studies have been conducted by
several researchers (e.g. Egashira, 1993a, b; Takahashi et al.,
1986, 1988, 1991; Nakagawa et al., 1996). They obtained
interesting debris flow characteristics such as flow velocity,
flow depth and sediment concentration from the inception to
the stop along the reach. However, there are notable differ-
ences between erosion rate formulas developed by each re-
searcher.
Egashira (1993a) proposed an erosion rate formula sup-
posing that bed slope is always adjusted to its equilibrium
value in case of debris flows over erodible bed. A debris
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flow either erodes bed material or leaves sediment on the bed
from the body so as to form equilibrium bed slope.
E
u¯
= c∗ tan (θ − θe) (1)
in which E is the erosion rate, u¯ is the depth averaged veloc-
ity of debris flow body, c∗ is the sediment concentration in
the non-flowing layer by volume, θ is the bed slope, θe is the
equilibrium bed slope corresponding to sediment concentra-
tion of the debris flow body as follows.
tan θe =
(
σ
/
ρ − 1) c¯ tanφs(
σ
/
ρ − 1) c¯ + 1 (2)
in which σ is the mass density of sediment particles, ρ is the
mass density of water, c¯ is the depth averaged sediment con-
centration of debris flow by volume and φs is the interparti-
cle friction angle of sediment particles. Sediment deposition
takes place when the bed slope is milder than the equilib-
rium bed slope resulting in the negative value of erosion rate.
Takahashi et al. (1986) also proposed a formula for erosion
rate and another for deposition rate, separately.
In the previous author’s study, Egashira et al. (2001)
pointed out that the bed entrainment is affected by grain size
of bed sediment. Actually, it is often observed that large
stones cannot be removed even in a reach where erodible
regime of debris flow dominates. Therefore, we need a for-
mula for erosion rate to evaluate such a phenomena. In order
to develop an erosion rate formula of debris flow, the present
study describes the entrainment characteristics in case that
bed sediment is different from the solid material in debris
flows.
2 Experimental facility and procedures
Figure 1 shows the experimental flume, which is 10.0 cm
wide, 20.0 cm high and 12.0 m long. The flume is divided
into two parts by a 10.0 cm high sand stopper. In the up-
stream reach, a debris flow with characteristics as required
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Fig. 1. Schematics of experimental flume.
for tests can be produced by water and sediment supply. Sed-
iment bed is set up smoothly by using the same material of
the supplied debris flow body, and the surface slope is ad-
justed to the equilibrium slope corresponding to the sediment
concentration of supplied debris flow in order to maintain a
steady saturated flow. In the downstream reach, a 10.0 cm
high sand stopper is set at the lower end and an erodible
bed, 10.0 cm thick, is made of sediment with a uniform grain
size. The bed surface of this part is always kept the same as
slope of channel at the beginning of tests. The debris flow
produced in the upstream side has a saturated nature and an
equilibrium bed slope. However, it can erode bed sediment
in the downstream reach because bed slope is steeper than
equilibrium slope. The step and pool type’s works are set
near upstream area in the downstream reach, in which bed
sediment are eroded, in order to avoid the bed fluctuation
due to debris flow erosion.
Experimental conditions are shown in Table 1. A uniform
grain size, d0, of 0.218 cm is used to form the debris flow in
all cases. Inflow sediment and water mixture discharge rate,
qm, is set a constant value at the upper boundary where dry
sands are mixed with supply water to produce a required de-
bris flow. Flux sediment concentration, cf , of supplied debris
flow is about 0.05, 0.10 and 0.15 by volume in some cases,
respectively. Herein, flux sediment concentration, cf , is de-
fined as cf = qs
/
qm, in which, qs is the sediment discharge
rate. Four kinds of uniform sediment, which are 0.218 cm,
0.438 cm, 0.8 cm, 1.1 cm in diameter, are used for erodible
bed, respectively. The mean value of the internal friction an-
gle of sediment particles of d0=0.218 cm is 38.7◦. The solid
material in the erodible bed reach of the flume is always sat-
urated by water.
Several runs are performed in the same experimental con-
dition in order to obtain reliable data. In all cases, sediment
and water mixture discharge at the lower end of the flume,
erosion depth of bed sediment, and flow depth and bed el-
evation at a fixed point on the erodible bed reach are mea-
sured. In case of d=d0, sediment discharge and discharge
of sediment and water mixture are measured at interval of
two seconds by using buckets. In addition, the flux sediment
concentration is calculated at the downstream end for each
grain size by separating eroded material from that of sup-
plied debris flow. The erosion depth of bed sediment is mea-
sured by using point gauges immediately after stopping the
debris flow supply. Temporal changes for h and zb and ver-
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Fig. 2. Longitudinal bed profile obtained by flume test.
tical velocity distribution, u (z) in the equilibrium stage, are
measured at a fixed point 60.0 cm upstream from the lower
end of the flume by pursuing the flow with high speed video
camera and analyzing the images. Herein, an equilibrium
stage means that no bed erosion takes place in downstream
reach. Therefore, in each experiment, sediment is continu-
ously supplied until an entrainment of bed sediment does not
take place.
3 Results and discussions
Figure 2 shows the experimental results on the longitudinal
profiles of bed surface in equilibrium condition in case that
flux sediment concentration of supplied debris flow is about
0.10 and that sediment size of erodible bed is d=0.218 cm,
0.438 cm and 0.8 cm, respectively. In the figure, the predic-
tion of bed profile in the equilibrium flow condition is shown,
because equilibrium bed slope in the steady flow condition is
uniquely determined by sediment concentration in case that
the movements of sediment particles are laminar and that bed
sediment size is same as sediment size of debris flow body
(Egashira et al., 1997a, b). Moreover, those longitudinal bed
profiles are measured immediately after sediment and water
from upstream end is stopped and flow condition seems to
reach equilibrium stages. It is remarkable that the bed ero-
sion is affected by the bed sediment size and that bed degra-
dation is smaller when the bed sediment size is coarser.
Figure 3 shows velocity distributions in an equilibrium
stage in case of d=0.218 cm, 0.438 cm and 0.8 cm, respec-
tively. If the sediment size of debris flow body is same as
bed sediment size, the velocity profile is the same shape as
in case of the flow over an erodible, equilibrium bed. When
the bed sediment size increases, the velocity distribution be-
comes similar to a velocity profile in flow over the rigid bed.
Those mean that, in every equilibrium stage, shear stress due
to shear rate should be zero on the bed surface in case of
d=d0, and whereas be non-zero in case of d>d0.
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Table 1. Experimental conditions.
Run Bed material Channel Bed slope Supply condition
size, d (cm) slope (◦) in down stream from upstream
reach θ (◦) of channel
cf qm (cm2/s)
030 0.438 10 8.53 0.0893 98.4
031 0.438 12 10.2 0.140 96.3
032 0.438 12 10.2 0.155 98.0
133 0.218 10 8.53 0.101 97.8
034 0.218 10 8.21 0.0953 99.2
035 0.8 10 8.99 0.104 99.2
036 0.8 10 8.68 0.156 101
137 0.438 7.7 5.60 0.0476 100
038 0.8 7.7 5.88 0.0472 99.5
039 0.8 8.3 5.84 0.0288 46.3
040 0.8 13.6 11.7 0.151 48.1
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Fig. 3. Velocity distributions in equilibrium stages in case that flux sediment concentration, cf , is about 0.10.
4 Critical condition of bed material
4.1 Flow model
A steady, longitudinally uniform, uni-directional flow of a
sediment-water mixture is illustrated in Fig. 4. The momen-
tum conservation equations for such a simple flow reduce to;
τ (z) =
∫ h
z
ρmg sin θ dz (3)
p (z) =
∫ h
z
ρmg cos θ dz (4)
in which ht is the flow depth, g is the acceleration due to
gravity, z is the bed-normal coordinate, θ is the inclina-
tion from horizontal, τ is the shear stress in planes paral-
lel to the bed, p is the isotropic component of stress, i.e.
“pressure”, ρm is the mass density of the sediment mixture;
ρm = (σ − ρ) c + ρ, in which σ is the mass density of sed-
iment particles, ρ is the mass density of water and c is the
sediment concentration by volume.
Egashira et al. (1989, 1997a, b) suggest that energy dissi-
pation in debris flows is mainly dominated by static interpar-
ticle contacts, inelastic particle collisions and turbulence of
interstitial water, which leads to
τ = τy + τd + τf (5)
p = ps + pd + pw (6)
in which τy is the yield stress, τd is the shear stress due to in-
elastic particle-particle collisions, τf is the shear stress sup-
ported by interstitial water, ps is the pressure of static inter-
particle contacts, pd is the dynamic pressure due to inelastic
particle collisions, pw is the isotropic pressure of water. If
the turbulent suspension of particles is negligibly small, and
thus the particle motion is laminar, the pore water pressure,
pw, satisfies
pw (z) = ρg (h− z) cos θ (7)
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Fig. 4. Schematic of steady and longitudinally uniform debris flow
over erodible bed.
Moreover, they applied Miyamoto’s study (1985) on inelas-
tic particle collisions, and presented constitutive equations as
follows (Egashira et al., 1997a, b; Itoh et al., 1999).
τy = ps tanφs (8)
τd = kd
(
1 − e2
)
σ d2c1/3
∣∣∂ u/∂ z∣∣ (∂ u/∂ z) (9)
τf = ρ νf
(
∂ u
/
∂ z
)+ ρ kf d2 (1 − c)5/3 c−2/3 ∣∣∂ u/∂ z∣∣ (∂ u/∂ z) (10)
pd = kd σ e2 d2c1/3
(
∂ u
/
∂ z
)2 (11)
ps
/
(ps + pd) =
(
c
/
c∗
)1/5 (12)
in which φs is the interparticle friction angle, e is the restitu-
tion coefficient of particle to particle, d is the sediment parti-
cle size, u is the local velocity in the flow direction, c∗ is the
sediment concentration by volume in non-flowing layer and
kd and kf are empirical constants (kd =0.0828, kf =0.16).
4.2 Definition of critical bed shear stress for bed erosion
Figure 5 shows schematics of flow velocity and shear stress
distribution for an unsaturated debris flow running down over
an erodible bed. In Fig. 5a, d is coarser than d0, of debris flow
body, and in Fig. 5b, d is the same as the sediment size, d0,
and τ is the total shear stress or the stress component of body
force in the flow direction, τy is the yield stress caused by
particle contacts, and δ is the critical depth from bed surface
to the level where τ is equal to τy . According to constitutive
relations developed by Egashira et al. (1997 a, b), a shear
flow which is shown in Fig. 5 takes place in accordance with
τ−τy .
Bed erosion due to unsaturated debris flow is explained us-
ing Fig. 5 as follows. If bed sediment size, d , is much greater
than δ, no erosion takes place. In contrast, bed sediment are
eroded in case that bed sediment size, d , is smaller than δ.
Let us discuss critical condition for sediment movement
in the critical depth, δ, as shown in Fig. 5a. Effective shear
stress on the bed should be τb−τyb; that is responsible for
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Fig. 5. Schematic of debris flow over a bed of uniform grain size,
d. (a) d is coarser than d0. (b) d is as same as the sediment size,
d0, of debris flow body.
shear rate. Therefore, it is expected that τb−τyb is dimen-
sionally expressed as follows.
τb − τyb = k (σ − ρ) g δ (13)
in which k is the coefficient with unit order, τyb is the yield
stress on the bed surface, z=0.
Substituting Eqs. (3), (8) and (12) into Eq. (13) yields the
following equation using the size of bed sediment particles,
d.
τb − τyb
(σ − ρ) gd = (G− Y ) τ∗ = k
δ
d
(14)
τ∗ = u
2
τ(
σ
/
ρ − 1) gd , uτ = √gh sin θ,
G = (σ/ρ − 1) c¯ + 1,
Y = (c¯/c∗)1/5 (σ/ρ − 1) c¯ tanφstan θ
in which c¯ is depth-averaged sediment concentration.
In a clear water flow on the sediment bed, the yield stress
on the bed, τyb, is equal to zero. Taking into account critical
condition of bed sediment entrainment, the flow condition
such as no erosion of bed sediment corresponds to critical
condition of sediment movement of bed sediment particles.
It is expected that Eq. (14) is rewritten in case of clear water
flow, c¯ =0, as follows.
τb
(σ − ρ) gd
∣∣∣∣
c
= τ∗c = k δ
d
∣∣∣∣
c
(15)
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The under-suffix “c” means “critical condition” of bed sed-
iment movement. The parameter, τ∗c, is Shields parameter
for sediment movement.
Herein, in the critical condition of bed sediment erosion,
Eq. (14) is deduced as follows.
τb − τyb
(σ − ρ) gd
∣∣∣∣
c
= (G− Y ) τ∗|c ≡ (G− Y ) τ∗cd = k δ
d
∣∣∣∣
c
(16)
τ∗cd coincides with τ∗c in case of clear water (c¯ =0) because
the value of G − Y takes unity. The following equation is
obtained using Eqs. (15) and (16) assuming that the values of
the right hand term, k
(
δ
/
d
)
c
, of those equations are uniquely
determined and take some constant value.
τ∗cd
τ∗c
= 1
G− Y . (17)
Figure 6 shows relationship between depth-averaged sedi-
ment concentration, c¯, and non-dimensional parameter, τ∗cd .
In this calculation, physical parameters are set as follows:
σ
/
ρ =2.62, φs =34◦ and τ∗c =0.05. Herein, those cal-
culated line is obtained by changing flux sediment concen-
tration, cf , into depth-averaged sediment concentration, c¯
because the velocity profiles in case of d>d0 as shown in
Fig. 3 are similar to those over rigid bed. Those changes
are conducted using profiles of sediment and velocity, which
are solved numerically by substituting Eqs. (7) to (12) into
Eqs. (3) and (4) (Egashira, 1997b).
It is quite interesting that τ∗cd increases with increase of
depth-averaged sediment concentration, c¯, and decrease with
bed slope, θ . Calculated lines tend to fit with experimental
data, although the experimental data are scattered. Moreover,
it is reported that Shields parameter in the flow with a steep
slope increases with increase of bed slope in case of clear
water flow (Graf et al., 1987; Ashida et al., 1973). In contrast
to those results, the calculated results using Eq. (17) tend
toward decreasing of τ∗cd with increase of bed slope. This is
to be solved in near future.
5 Conclusions
Flume tests and a dimensional analysis are conducted to in-
vestigate the characteristics of bed erosion. The results are
summarized as follows.
(1) If the sediment size of debris flow body is same size as
bed sediment, the velocity profile is that on the erodible bed
in the equilibrium flow condition. However, when the bed
sediment size increases, the velocity distribution becomes
similar to a velocity profile in flow over the rigid bed. Those
means that shear stress due to shear rate should be non-zero
in case that bed sediment is coarser than sediment of debris
flow body.
(2) A new parameter, that is non-dimensional effective bed
shear stress, is proposed for evaluating the critical condition
of bed erosion. Effective bed shear stress is defined by the
difference in a value between the total shear stress and the
yield stress on the bed surface. The equation for critical bed
erosion, that is Eq. (17), proposed using non-dimensional ef-
fective bed shear stress. According to Eq. (17), the critical
value change monotonically with sediment concentration, es-
pecially depth-averaged sediment concentration. Predictions
obtained using the equation are confirmed by flume data. It
tends to shift to the critical value of sediment movement in
clear water flow when sediment concentration of debris flow
reaches zero.
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